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Abstract 



THE SPHERE THEOREMS FOR MANIFOLDS WITH 
POSITIVE SCALAR CURVATURE* 

JUAN-RU GU and HONG- WEI XU 

O 

(N 

X) 
<!-) . 

Some new differentiable sphere theorems are obtained via the Ricci flow and stable 
currents. We prove that if Af" is a compact manifold whose normalized scalar curvature 
and sectional curvature satisfy the pointwise pinching condition Rq > (Tn^max: where 
cr„ € (-J, 1) is an explicit positive constant, then M is diffeomorphic to a spherical space 
' form. This gives a partial answer to Yau's conjecture on pinching theorem. Moreover, 

we prove that if M"(n > 3) is a compact manifold whose {n — 2)-th Ricci curvature 

and normalized scalar curvature satisfy the pointwise condition Ric'^i^'^^ > T„(n — 2)i?0j 
1-^^ , where r„ e (i, 1) is an explicit positive constant, then AI is diffeomorphic to a spherical 

d ' space form. We then extend the sphere theorems above to submanifolds in a Rieman- 

nian manifold. Finally we give a classification of submanifolds with weakly pinched 
curvatures, which improves the differentiable pinching theorems due to Andrews, Baker 
and the authors. 

> 

^ ■ 1 Introduction 

CN ' It plays an important role in global differential geometry to study curvature and topol- 

CN) , ogy of manifolds. The sphere theorem for Riemannian manifolds was initiated by Ranch 

[33] in 1951. During the past six decades, there are many progresses on sphere theorems 
for Riemannian manifolds and submanifolds O El El fTTl \3E[ I39j . The Brendle-Schoen Dif- 
ferentiable Sphere Theorem [Ql [TO] brought us a big break through in the investigation of 
curvature and topology of manifolds. The following results due to Brendle and Schoen 
O [TO] are very important throughout this paper. 



Theorem A([5j). Let (M^go) be a compact Riemannian manifold of dimension n{> 4). 
Assume that 

-Rl313 + A -Rl414 + -R2323 + A i?2424 — 2Ai?i234 > 

for all orthonormal four-frames {ei, 62, 63, 64} and all A € [0, 1]. Then the normalized Ricci 
flow with initial metric go 

d 2 

—g{t) = -2RiCg^t) + -rg(t)g{t). 
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exists for all time and converges to a constant curvature metric as t —)• cxd. Here rg(^i^ de- 
notes the mean value of the scalar curvature of g{t). 

Theorem B([10]). Let (M, 5^0) a compact, locally irreducible Riemannian manifold 
of dimension n(> 4). Assume that M x'M? has nonnegative isotropic curvature, i.e., 

for all orthonormal four-frames {61,62,63,64} and all A, /i € [—1, 1]. Then one of the fol- 
lowing statements holds: 

(i) M is dijjeomorphic to a spherical space form. 

(a) n = 2m and the universal cover of M is a Kdhler manifold biholomorphic to CP™'. 
(Hi) The universal cover of M is isometric to a compact symmetric space. 

On the other hand, some important work on sphere theorems for manifolds with positive 
Ricci curvature have been made by several geometers (see [3l El EH [301 ESI El], etc.). In 
1990's, Cheeger, Colding and Petersen |141 [30] proved the following differentiable sphere 
theorem for manifolds with positive Ricci curvature. 

Theorem C. Let M" be a compact and simply connected Riemannian n-manifold with 
Ricci curvature Ricm > n — 1. Suppose that one of the following conditions holds: 

(i) vol{M) > iOn — ^lin), where ujn = vol{S^) and ei{n) is some positive constant; 

(ii) Xn+i < n + e2{n), where Xn+i is the (n + l)-th eigenvalue of M and e2{n) is some 
positive constant. 

Then M is diffeomorphic to S"'. 

Let K{Tr) be the sectional curvature of M for 2-plane vr C T^M, Ric{u) the Ricci 
curvature of M for unit vector u E UxM. Set K^^^xix) '■= niax7rcT:jAf -f^(7r)i Ricmm{x) ■= 
m.mu£Ua:M Ric{u). Inspired by Shen's topological sphere theorem [36J, the authors [H] ob- 
tained the following differentiable sphere theorem for manifolds of positive Ricci curvatures. 

Theorem D. Let M" be a compact Riemannian n-manifold. If Ricmin > ^n{n — l)i^'niax) 
where 5„ = 1 — ^^^^^^ , then M is diffeomorphic to a spherical space form. In particular, if 
M is simply connected, then M is diffeomorphic to . 

N 

Let M" be a submanifold in a Riemannian manifold M . Denote by H and S the 
mean curvature and the squared length of the second fundamental form of M, respectively. 
Denote by K{7r) the sectional curvature of M for 2-plane 7r(c T^M). Set i^maxC^;) := 
max^(_^^jg K(7r), Kya\n{x) ■= min^i-rp^jj K (tt) . In [U], Xu and Zhao obtained some differ- 
entiable sphere theorems for complete submanifolds in higher codimensions via the Ricci 
flow and stable currents. Recently the authors [35] proved the following differentiable sphere 
theorem for complete submanifolds with strictly pinched curvatures. 

Theorem E. Let M" be an n-dimensional complete submanifold in an N -dimensional 
Riemannian manifold . If S < |^i^min — jKnia.xj + "^^i ? then M is diffeomorphic to 
a spherical space form orM". In particular, if M is simply connected, then M is diffeomor- 
phic to S"" or M". 
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The purpose of this paper is to prove some new differentiable sphere theorems for Rie- 
mannian manifolds and submanifolds. In Section 3, we prove the fohowing differentiable 
sphere theorem for compact manifolds with positive scalar curvature. 



Theorem 1.1. Let M" he an n{> 3) -dimensional compact Riemannian manifold. Denote 
by Rq the normalized scalar curvature of M . Assume that one of the following pointwise 
conditions holds: 
(i) Rq > anKmux, 
(a) Kmin > VnRo- 

Then M is diffeomorphic to a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to S"". Here 

J 1 ~ n(n-l) 
O^n = < -j^ _ ' 12 

I 5n(n— 1) 

^n = ^ 2 

— n + 

Theorem 1.1 improves Theorem D and gives a partial answer to Yau's conjecture on 
pointwise pinching theorem (See [H], Problem 12). Moreover, we obtain the following the- 
orem. 



for n = 3, 
for n > 4, 



Theorem 1.2. Let M" be an n(> 3) -dimensional compact Riemannian manifold. De- 
note by Rq and Ric'^^~'^^ the normalized scalar curvature and the (n — 2)-th Ricci curvature 
of M. Assume that one of the following pointwise conditions holds: 
(i) (n - 2)Ro > ^lnRict~^^ ■ 



-'max 



{ii) Ric^Zn^ >Tn{n-2)Ro. 
Then M is diffeomorphic to a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to . Here 

, 6 



n{n — l)(n + 1) 



12 

r„ = maxjl — — — k -, 0|. 

^ (n-2)(5n2 - lln-6) ^ 



Remark 1.1. Note that differentiable structures of Einstein manifolds are very rich. If 
pinching conditions (i) and (ii) in Theorem 1.2 are replaced by (n — l)Ro > fi-nRiCma.x and 
Ric-cain > Tn{n— 1)Rq respectively, where fln,Tn G {\, 1), it's impossible to obtain the same 
assertion. Therefore, the pinching conditions in Theorem 1.2 are the weakest in this sense. 

In Section 4 we extend the sphere theorems above to submanifolds in a Riemannian 
manifold with arbitrary codimension (Theorems 4.4 and 4.5). In Section 5, we obtain a 
differentiable sphere theorem for submanifolds with weakly pinched curvatures, stated as: 

Theorem 1.3. Let M" be an n{> 3) -dimensional compact submanifold in an N -dimensional 
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Riemannian manifold M . Assume that M satisfies one of the following conditions: 
{i) K^iri{xo) - 3i^max(2;o) / for some point xq G M, and S <\ (^Kmin - li^max) + 

(ii) Kjainix) — \K^i^{x) = for any point x G M, S < and the strict inequality holds 

for some point xq G M. 

Then M is diffeomorphic a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to . 

Furthermore, we prove the following classification theorem of submanifolds with weakly 
pinched curvatures in space forms. 

Theorem 1.4. Let M" he an n(> A) -dimensional oriented complete suhmanifold in an 
N -dimensional simply connected space form (c) with c > 0. Assume that its scalar cur- 
vature R> {n + l)(n — 2)c + " ^Si^ H"^? where c + H'^ > 0. We have 
(i) If c = 0, then M is either diffeomorphic 5", M", or locally isometric to S"'~^{r) x M. 
{ii) If M is compact, then M is diffeomorphic to . 

Remark 1.2. The pinching condition in Theorem 1.4 is equivalent to S" < 2c + ""^^^ ■ 
Theorems 1.3 and 1.4 improve the diff'erentiable pinching theorems due to Andrews-Baker 
and the authors [U [45] . 

It should be mentioned that the second author introduced the results above in his invited 
talk at the Fifth International Congress of Chinese Mathematicians held in Beijing from 
December 17 to December 22, 2010. 



2 Notation and lemmas 

Let be an n-dimensional submanifold in an A^-dimensional Riemannian manifold 

N 

M . We shall make use of the following convention on the range of indices. 

1 < A,B,C,... < N; I <i,j,k,... <n; 

if > n + 1, n + 1 < a, /3, 7, . . . < A. 

For an arbitrary fixed point x G M C M, we choose an orthonormal local frame field {e^} 
in M such that e^'s are tangent to M. Denote by {oja} the dual frame field of {e^i}. Let 

Rm = ^ Rijki^i ® (E) t^fc (gi w/, 

i,j,k,l 

Rm= ^ RABCD^A(i^^B®^C®'^D-, 
A,B,C,D 

be the Riemannian curvature tensors of M and M, respectively. Denote by h and ^ the 
second fundamental form and the mean curvature vector of M. When N = n, h and are 
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identically equal to zero. When > n + 1, we set 

h = ^ hfjOJi (g) uij (g) Ca, C = — ^ h'. 



n 



The squared norm S of the second fundamental form and the mean curvature H of M are 



given by S := Y2a i A^fj)'^ ^ H ■.= \^\. Then we have the Gauss equation 



Rijki = Rijki+ < h(ei,ek),h{ej,ei) > - < h{ei,ei),h{ej,ek) > ■ (2.1) 

Denote by K{-), K{-), Ric{-), Ric{-), R and R the sectional curvatures, the Ricci curvatures 
and the scalar curvatures of M and M, respectively. Then we have 

Ric{ei) = y^^Rjjij, Ric{eA) = '^Rabab, 

j B 

R = ^ Rijij, R = ^ Rabab- 

id A,B 

Set Kmin{x) = mm^^cT^M K{tt), Krai,^{x) = max^cT,Mi^(vr), Kmin(a;) = min^^y^jgK(7r), 
Kraax{x) = max^^j,^ (vt) . Then by Berger's inequality(See e.g. [6j, Proposition 1.9), we 
have 

2 

|-^jj7cz| ^ ^(-^max -^min) (2-2) 

for all distinct indices i, j, k, I, and 

\RaBCd\ < -^{Kjna.x — -f^min) (2.3) 

for all distinct indices A, B, C, D. We set 

Ricmm{x) = min Ric{u), Ric^inix) = min_ i?ic(u), 

ueUxM ueUxM 

Ricma.x{x) = max Ric{u), Ricmax.{x) = maj^ i?ic(u). 



For any unit tangent vector u G UxM at point x G M, let Vj!^ be a fc-dimensional subspace 



of TxM satisfying u _L V^. Choose an orthonormal basis {cj} in TxM such that Cj 



u, span{ej-^, . . . ,ej^} = Vj:, where the indices I < jo, ji, ■ ■ ■ , jk ^ ^ are distinct with each 



other. We set 

k 



9=1 

Ric^^hx)= min min Ric^''\u;VJ:), 

Ric^mLix) = max max Ric'^''\u;Vh. (2.4) 
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We extend an orthonormal s-frame {ej^, . . . , ej^_j^} in TxM to (k + l)-frame {ej^, . . . , e^,,} 
for l<s<A; + l<n and set 



-1 k 

' z, . . . 



B^{x)= min i?(M([e^.^,...,e,.j), 

{ejg,...,ejJcT^M 

= max i?('=-^)([e,o,...,e,J). (2.5) 

{ejQ,...,ej^}CT^M 



s— 1 n— 1 
p=0 q=0 

{ejO'-'ej„-l}CTi;M 

i?icW^^(x) = max iiicW([ejo,...,ej„_J). (2.6) 

{ejo.-.e,„_i}cT.M 



Ri^l{x)= min i?('=)([e,„,...,e,J), 

i4'L(a^) = , max i?('=)([e,„, . . . , e,J). (2.7) 

Definition 2.1. T^e call Ric^^\u]V^), R^^''\[ej^, . . . ,ej^]), i?icM([ejo, . . . , ej„_i]) and 
^io' • • • '^ifc]) k-th Ricci curvature, (k, s)- curvature, s-th weak Ricci curvature and 
k-th scalar curvatrure of M, respectively. 

The geometry and topology of k-th Ricci curvature was initiated by Hartman [20] in 1979, 
and developed by Wu |[42j and Shen [MIEZ!, etc.. By the definition above, it is seen that 
the Ricci curvature of M is equal to the (n — l)-th Ricci curvature, (n — 1, l)-curvature 
and 1-th weak Ricci curvature; the scalar curvature of M is equal to (n — 1, n)-curvature, 
n-th weak Ricci curvature and {n — l)-th scalar curvature. For any unit tangent vector 
u E UxM at point x G M, let be a fc-dimensional subspace of TxM satisfying u -L V^- 
Choose an orthonormal basis {ca} in T^M such that caq = u, span{eAi, • • • , ^a^} = V^, 
where the indices 1 < Aq, Ai, . . . , Aj. < N are distinct with each other. We define the k-th 
Ricci curvature as follows. 

k 

-Rk}~''\u-V!:) = Y^Rama,. (2.8) 

9=1 

We extend an orthonormal s-frame {e^ip, . . . , ca^.^} in T^M to (A: + l)-frame {caq-, • • • , ^A^} 
for 1 < s <k + \ < N and defined the [k, s)-curvature, s-th weak Ricci curvature and A;-th 
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scalar curvature of M as follows. 

j(fc,s) 



s~l k 
p=0 q=0 



Ric^''\[eAo, - ■ ■ ,eAN.A) = ^^'^ ^'''^[eAo, • • • , e^^r-i]) = RA^A^ApA^ 



-1 N-l 



p=0 q=0 



k k 



R''\[eA„. . . , e^J) = R''''-''\[eA„. • • , e^.]) = J] Ra,a,a,a,. (2.9) 

p=0 q=0 

Denote by Ric^}jx) , r''^1^\x) , Ric^^^^{x) , r\^^{x) and ffic[^^^(x), 

the minimum and maximum of the curvatures defined above at point x G M. 

We choose an orthonormal frame {ei, 62, • ■ ■ > ^n} such that u = Cn and Ric^^\u; V^) = 
Yli=iRinin, where Vj^ = spanjei, 62, • • • ,6^}, 1 < fc < n — 1. In particular, we see that 
Ric^"'~^^ {u;V^~^) = Ric{u) and Ric^^\u;V^) = K^ir), where tt = span{ei,en}- Then we 
have the following lemma. 



Lemma 2.1. Let he an n- dimensional complete submanifold in an N -dimensional 
Euclidean space M^. If S < if / 0, then 

(ii) For eac/i pomi x G M i/iere exists a unit vector u such that Ric^^\u; Vj!') = for some 
integer k G [2, n — 1] if and only if H is a constant and M is isometric to ( 



Proof. If k = 1, the assertion follows from the result in [l5]. Now we discuss the case for 
2 < k < n — 1. Choose an orthonormal frame {ei, 62, • ' ' i ^n} such that e^+i is parallel to 
the mean curvature vector ^. Then 



n+1 



1=1 



N n 



{n-i)[EiK^'?+E{Kr'r+ E -4(2-10) 



1=1 



a=n+2 i,j=l 



Note that for / ^ n 



i=l 



,n+l I, n+1 



(^-l)[E(^"i''')' + 2^r'^nn 



This together with (2.10) implies 



N n 



2^r^nr>E(^r)'+ E E(^")' + 



o=n+2 i,j=l 



n — 1 



S 



(2.11) 
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for / / n. The equality holds if and only if = + K^^'^ for i j^l,n. This together 
with (2.1) implies 



k k N 



i=l i=l a=n+l 

N N n-1 

> ^ E E + E(^-)' 

Q=7i+1 l<i<j<n a=n+l i=l 



k-1 



N n-1 N k I. 2tt2 

E + l E E(^s + ^"n)^ + ^(^-^ 



2 

a=n+2 1=1 a=r),+2 i=l 

- 2\n-l 

US < then Ric^^\u; V^) > 0. The equality holds if and only if 

h% = 0, 1 < j < n, a / n + 1; K^^^ = 0, i / j, 1 < i, j < n; 

Hence M has essential codimension one. Since the shape operator of M has one eigenvalue 
of multiplicity n — 1 and the other eigenvalue is zero, it follows from a result due to De- 
prez(See [15], Corollary) that is a constant and M is isometric to 'S'"'~^(^^^^ x M. This 
completes the proof. 

The following nonexistence theorem for stable currents in a compact Riemannian man- 
ifold M isometrically immersed into F^{c) is employed to eliminate the homology groups 
Hg{M;Z) for < g < n, which was initiated by Lawson-Simons [25] and extended by Xin 



Theorem 2.1. Let M" be a compact submanifold in (c) with c > 0. Assume that 

n q 

^[2|/i(ei, efe)p - {h{ei,ei), h{ek,ek))] < q{n - q)c 

k=q+l i=l 

holds for any orthonormal basis {cj} of T^M at any point x £ M , where q is an integer 
satisfying < q < n. Then there does not exist any stable q-currents. Moreover, 

Hg{M;Z) = Hn,,{M-Z) = 0, 

where Hi{M;'L) is the i-th homology group of M with integer coefficients, and tti(M) = 
when q = 1- 
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From the proof of Lemma 2 in [30] , we have 



< 



< 



n q 
k=q+l i=l 

gin - q) 

n 

q{n - q) 



n 



S - 2nH^ 





-q) 


n{n — 


4) 




-2) 



H^/S-nm 



(2.12) 



for n > 4 and 1 < q < n — 1. This together with Theorem 2.1 imphes the following. 



Lemma 2.2. Let M" he an n(> A) -dimensional compact submanifold in an Euclidean 
space M^. If S < then 

Hq{M- Z) =0, for all l<q<n - 1. 



Lemma 2.3( |19| ). Let M be a compact Riemannian manifold of dimension n. If M has 
nonnegative isotropic curvature and has positive isotropic curvature for some point in M, 
then M admits a metric with positive isotropic curvature. 

Lemma 2.4. Let M be a compact Riemannian manifold of dimension n. If M x 
has nonnegative isotropic curvature, and if M has positive Ricci curvature and isotropic 
curvature, then M is diffeomorphic to a spherical space form. 

Proof. By the assume that M has positive Ricci curvature, the universal cover M of 
M is compact. Since M has positive isotropic curvature, M also has positive isotropic 
curvature. Note that M is simply connected. It follows from a theorem due to Micallef 
and Moore [26] that M is homeomorphic to S"'. Therefore, M is locally irreducible and the 
symmetric metric of M would have to be of positive constant curvature. Moreover, when 
n is even, a theorem due to Micallef and Wang [27] states that if M has positive isotropic 
curvature, then i?^(M,M) = 0. Hence M can not be a Kahler manifold. This together with 
Theorem B implies that M is diffeomorphic to a spherical space form. 



3 Manifolds of positive scalar curvature 

In this section, we will give the proof of Theorem 1.1. More generally, we will prove 
Theorem 3.3. We first prove the following lemma for compact manifolds. 

Lemma 3.1. Let M"" be an n{> 4) -dimensional compact Riemannian manifold. Denote 
by and the k-th scalar curvature and {k, s)- curvature of M . If one of the 

following conditions holds: 

(i) -R^i^jj > (k"^ -\-k - ^ j-f^max for some integer k e [3, n - 1], 
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{ii) R^l^ > ^^^^pj^^y^-K^max for some integers k £ [3, n — 1] and s G [2,k + 1], 

then TTk{M) = for 2 < k < [^]. In particular, if M is simply connected, then M is home- 

omorphic to a sphere. 

Proof, (i) It follows from (2.7) that 



R^^^ < 2K^in + [k{k + 1) - 2]K^ 



Then we have 



Kmin > 1[R\^1 -{k^ + k- 2)i^^ax]. (3.1) 

Suppose {61,62,63,64} is an orthonormal four-frame. From (2.2), (3.1) and the assumption 
we get 

-R1313 + RliU + -R2323 + -^2424 — 2-Rl234 

> li^ml - \Kk + 1) - 8]i^n,ax} " ^(i^max " i^min) 

> - Uk + 1) - 8]i^max} - \Hk + l)i^^ax " ^'^l 



R^±-ik' + k-'^\K^^^ 



7 

— g 1^ mm ' ^ 

> 0. (3.2) 



Hence M has positive isotropic curvature. By a result due to Micallef and Moore [26], 
we have 7rfc(M) = for 2 < k < [^]. In particular, if M is simply connected, then M is 
homeomorphic to a sphere. 

(ii) By Definition 2.1, we have 

„(fc) n{k,s) 
min ^ min 



k{k + 1) ~ ks 
This together with the assumption implies 

l€L > >(k^ + k-^-) K^^. (3.4) 

Then the assertion follows from (i). 

This completes the proof of Lemma 3.1. 

By taking = n — 1 in Lemma 3.1, we have the following. 

Theorem 3.1. Let Af" he an n{> A) -dimensional compact Riemannian manifold. De- 
note by Ric^^\-) and Ro{-) the s-th weak Ricci curvature and normalized scalar curvature 
of M. If one of the following conditions holds: 

(i) ffic|^|jj > ^^^^^-^^^^-^-ftTmax for some integer s £ [2,n], 

(ii) Ro > [l-^-^]K^ax, 

then TTk{M) = for 2 < k < [^]. In particular, if M is simply connected, then M is home- 
omorphic to a sphere. 



10 



Corollary 3.1. Let M" be an n- dimensional compact and simply connected Rieman- 
nian manifold, where 4 < n < 6. Denote by Rq the normalized scalar curvature of M. 



IfRo > 



1 



24 
7n(n— 1) 



-f^max! then M is diffeomorphic to S^. 



Proof. It follows from Theorem 3.1 that M has positive isotropic curvature. A theo- 
rem due to Hamilton |22j says that a 4-dimensional compact simply connected manifold 
with positive isotropic curvature is diffeomorphic to S^. It is well known that there is only 
one differentiable structure on S*", n = 5,6. This together with Theorem 3.1 implies M is 
diffeomorphic to 5" for n = 5,6. This proves the corollary. 

Lemma 3.2. Let be an n{> 4) -dimensional compact Riemannian manifold. Denote 
by and R^''''^\-) the k-th scalar curvature and (k, s)- curvature of M, respectively. If 

one of the following conditions holds: 

(i) R^^}^ > ik'^ + k- ^ l-f^max for some integer k £ [2, n - 1], 



(a) rI^I^^ > ^^^^(^l^y^i^max for some integers k e [2, n - 1] and s G [2, A; + 1], 
then M is diffeomorphic to a spherical space form. 



Proof, (i) Suppose {ei, 62, 63, 64} is an orthonormal four-frame and A G 
(3.1) we obtain 



From (2.2) and 



1 r 
> - 
- 2 



> 



-R1313 + -R2323 — I-R1234I 
fc+i 

2 Rijij] ' 



min 



„ (-^max -^min) 



^ 2 ^^^^ 
5 



{k'^ + k- 4)i^„ 



-[k{k + l)Kn 



R 



(k) 



6 L 



R 



(fe) 



k^ + k 



(3.5) 



Using the same argument as above, we get 



i?1414 + -^2424 



I-R1234I > 77 

D L 



R 



(k) 



k^ + k 



-)- 

5 / 



(3.6) 



From (3.5), (3.6) and the assumption, we have 



-R1313 + A^i?i4i4 -I- ii2323 + A^i?2424 — 2Ai?i234 
> -R1313 + -R2323 — I-R1234I + A^(i?i4i4 -I- i?2424 — |-Rl234| 



> 



5(1 + A2 



6 



min 



k -\- k -^max 



> 0. 



(3.7) 



This together with Theorem A implies that M is diffeomorphic to a spherical space form, 
(ii) From (3.3) and the assumption we know that 



(3.8) 



11 



Hence the conclusion follows from (i). 
This proves Lemma 3.2. 



Lemma 3.3. Let M" be an n{> 4) -dimensional compact Riemannian manifold. If its 
k-th Ricci curvature satisfies one of the following conditions: 

{I) niCj^^^ ^ 5;i._^-fltCmax , 

(ii) Ric^^^ > (5fe-6)(fc+l) j^jc(fc) 
V"/ -"-'"-min ^ (5fc-l)fc -"-'^max; 

where k is some integer in [2,n — 2], then M is diffeomorphic to a spherical space form. 
Proof, (i) From (2.4), we obtain 

i^max < Ric^+'^ - Ric^^^, (3.9) 



and 

which implies 



^^C^iL < ^min + {k- 1)K„ 



> kRic'Z.-ik-l)Ric\^:^'^. (3.10) 

Suppose {ei, 62, 63, 64} is an orthonormal four-frame and A G M. Then we have from (2.2), 
(2.4), (3.9) and (3.10) that 



-R1313 + -^2323 — I-R1234I 
fe+1 2 
^ ^^C^in - ^3i3 - o (-f^max - ^min) 
i=3 ^ 

> ^^-^ \Ric^^^ - ^^~^ Rzc^^+^A 



3 

Similarly, we get 



-R1414 + -R2424 — -R1234 > 



3 



™in 5)fc — 1 



(3.11) 



(3.12) 



From the (3.11), (3.12) and the assumption we obtain 



-R1313 + A^i?i4i4 + i?2323 + A^i?2424 — 2Ai?i234 

> -R1313 + -R2323 — I-R1234I + A^(i?i4i4 + i?2424 — |-Rl234|) 

(1 + A^)(5fc-1) r (,) _ 5fc-6 (,^,,1 

3 [-"-'''min 5jt _ 1 max 

> 0. (3.13) 

This together with Theorem A implies that M is diffeomorphic a spherical space form, 
(ii) Prom (2.4) we have 

p. (fc) p. (fc+i) 

- k + l ' ^ ' 
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which together with the assumption imphes 

< Ric^^} - (5fc-6)(fc + l) (fe) (fe) _ 5fc-6 (fe+i) 

u ^ -'•-'f-niin ^gj^ _ "i^-jj^ -"-'''max ^ -"-'^min _ -j^ -"''''max ■ 

Hence the assertion follows from (i). 
This proves Lemma 3.3. 

Taking k = n — 2 in condition (i) of Lemma 3.3, we have the following theorem. 

Theorem 3.2. Let M'^ be an n{> 4) -dimensional compact Riemannian manifold. If 
its {n — 2)-th Ricci curvature and Ricci curvature satisfy 

(„ 2) 5n-16 

-"''''min ^ 5n — 11 

then M is diffeomorphtc to a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to 5" . 

Lemma 3.4. Let he an n(> A) -dimensional compact Riemannian manifold. De- 
note by Ric^^\-), R^'^^-) and R^''''^\-) the k-th Ricci curvature, k-th scalar curvature and 
{k, s)-curvature of M, respectively. If one of the following conditions holds: 

(0 -R^c^^^n > 5J+9k-8 ^"'i^^ ^^^^ integer ke[2,n-2], 

(ii) Ric^X > Mg|^i?^i^'*) for some integers ke[2,n-2] and se[2,k + 2], 
then M is diffeomorphic to a spherical space form. 

Proof, (i) It follows from (2.4) and (2.7) that 



and 

Then we have 



i^max < liR^rt^'^ - {k + 3)i?i4t], (3-15) 
RiciSn < Kmin + (k - 1)K^^^. 
Krnin > Ric^^l - (k - 1)K^^ 

> ^i^e + 2k-l)Ric^X-{k-l)R(^+% (3.16) 

Suppose {61,62,63,64} is an orthonormal four-frame and A G M. Combing (2.2), (2.4), 
(3.15) and (3.16), we have 

-Rl313 + -R2323 — I-R1234I 

k+1 2 

^ -^^c|^in - y2 Ri3i3 - o (-f^max - ^min) 
i=3 



> 



+ i[(fc2 +2k- l)i?i4t -ik- 1)R^^+'^] 
5fc^ + 9fc - 8 r (fc) __5kj2^Mk+i) 



(3.17) 
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By a similar argument, we obtain 

5k -Q 

^min 



5k^ + 9k-8 

-fil414 + -fl2424 — -fil234 > — 



5k^ + 9k-8^^ 



6 

Prom (3.17), (3.18) and the assumption we obtain 

-Rl313 + A^i?i4i4 + i22323 + A^i?2424 — 2Ai?i234 
> -Rl313 + -R2323 — I-R1234I + A^(-Rl414 + -R2424 — 1-^1234 1) 



(3.18) 



^ (1 + A ^)(5r + 9fe-8) 



6 

> 0. (3.19) 

This together with Theorem A imphes that M is diffeomorphic a spherical space form, 
(ii) We get from (2.5) and (2.7) that 

p(fc+l,s) 

s(fe + l) - (fc + l)(fe + 2)' ^ ^ 

which together with the assumption implies 

(.) (fc + 2)(5fc-6) (,^,,, 

> s(5^2 + 9^_8)"-a- 

S S^^^«Si'>. (3.21) 



The assertion follows from (i). 
This proves the lemma. 

Theorem 3.3. Let M" be an n{> 4) -dimensional compact Riemannian manifold. De- 
note by Ric^^^-), Ric^^\-) and K{-) the s-th weak Ricci curvature, k-th Ricci curvature and 
sectional curvature of M , respectively. Suppose one of the following conditions holds: 
[i) Ric^^i^ > ^(5" JCj^ax for some integer s G [2,n]; 

(a) -R«cK„ > Ricm^^ for some integer s G [2,n]; 

(m) i^min > g(„_\)^g ^ic[^L for some integer s G [2,n]; 

(iv) Ric'^^/' > s{hS-iin-(i) -^^"^max for some integer s G [2,n]. 
r/ien i/ie normalized Ricci flow with initial metric go 

d 2 

—g{t) = -2RiCg^t) + -rg{t)9{t), 

exists for all time and converges to a constant curvature metric as t ^ 00. Moreover, M 
is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M 
is diffeomorphic to S". 

Proof, (i) Taking = n — 1 in condition (ii) of Lemma 3.2, we get the conclusion, 
(ii) Since 

^[R-in + l)Ric(^^^^] 



> 

- 2 L 



1 mRicllL 



^s^-(n + l)i?i4Vx') , (3.22) 
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we obtain 



max 25 •''^inin 



(3.23) 



Suppose {ei, 62, 63, 64} is an orthonormal four-frame and A G M. It follows from (2.2), (3.22) 
and (3.23) that 



-^1313 + -R2323 — 1^1234 
2 



> 2iC, 



mm 2 (-^max ^min) 



> 



> 



nRic' 



— (n + l)Ric\ 



(n-2) 



2s 



Rid: 



n{n + 1) 



Ric^L - [v? + 2n + 2)Rict^^ 



Similarly, we get 



-R1414 + -^2424 — I-R1234I > - 



n(n + 1) 



Ric^^^-{n'' + 2n + ?.)Rict^) 



(3.24) 



(3.25) 



From (3.24), (3.25) and the assumption we obtain 



-R1313 + ^ -Rl'll'l + -R2323 + A i?2424 — 2Ai?i234 
> -R1313 + -R2323 — 1-^^12341 + A^(i?i4i4 + i?2424 — |-Rl234|) 

l + A^ rn(n + l) 



> 



> 0. 



-Ric^^^-{r? + 2n + Z)Ric^^^'^ 



(3.26) 



This together with Theorem A implies M is diffeomorphic to a spherical space form, 
(iii) By Definition 2.1, we get 

i^max < \{Ric'^±^ - [s{n - 1) - 2\K^^}. (3.27) 

Suppose {61,62,63,64} is an orthonormal four-frame and A G M. It follows from (2.2) and 
(3.27) that 

-R1313 + -R2323 — I-R1234I 
2 

^ 2^Cmin ^(-^max -^min) 
8 1 



> - [{sn - s + 6)iCmin - Ric 



s] 1 
maxj • 



A similar discussion implies that 



RiAiA + -R2424 - I-R1234I > ^[{sn - s + 6)Kmin " Ric\ 



s\ 1 
max J 



(3.28) 



(3.29) 
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From (3.28), (3.29) and the assumption we obtain 



-R1313 + ^ -^1414 + -R2323 + A il'2424 — 2Ai?i234 
> -R1313 + -R2323 — I-R1234I + A^(i?i4i4 + i?2424 — |-Rl234|) 



> [{sn - s + 6)i^niin - Ric^^^J 

> 0. 



(3.30) 



This together with Theorem A imphes that M is diffeomorphic a spherical space form, 
(iv) The assertion follows by taking k = n — 2 in (ii) of Lemma 3.4. 
This proves the theorem. 

We are now in a position to prove Theorem 1.1. 

Proof of Theorem 1.1. (i) If n = 3, for any unit tangent vector u £ UxM at x £ M , we 
choose an orthonormal three- frame {ei, 62, 63} such that 63 = u. Then from the assumption 
we obtain 



This together with Hamilton's theorem [2T] implies that M is diffeomorphic to a spherical 
space form. When n > 4, the assertion follows by taking A; = n — 1 in (i) of Lemma 3.2. 

(ii) If n = 3, the assertion follows from Hamilton's work [21]. Thus from now on we 
assume that n > 4. By taking s = n in (iii) of Theorem 3.3, we conclude that M is diffeo- 
morphic a spherical space form. 

This proves Theorem 1.1. 

In 1990, Yau [38] proposed the following conjecture (see also [35} [39]). 

Yau Conjecture I. Let M" be a compact and simply connected Riemannian manifold. 
Denote by Rq the normalized scalar curvature of M. // Kmin > ^^Ro, then M is diffeo- 
morphic to 5". 

If n = 2, 3, the answer is affirmative. If the pinching constant in Yau Conjecture I 

2 

is replaced by rjn = g ; Theorem 1.1 gives an affirmative answer. The following ex- 

ample shows that is the best possible pinching constant for the conjecture in even 
dimensions (> 4). 

Example 3.1. Let Rq be the normalized scalar curvature of a Riemannian manifold. 
By a direct computation, we have the normalized scalar curvatures of the compact rank 



Ric{u) 



-R1313 + -R2323 



> 



> 
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one symmetric spaces (CROSS) with standard metrics. 



i?o(CP™) = dimMlCP'") = 2m,m> 2; 

4m — 2 

777 _l_ 2 

RoiMP"") = dimM(IHP^'") =im,m> 2; 

4m — 1 

i?o(Op2) = |, dimM(Op2) = 16. 
5 

On the other hand, 

and these are not homeomorphic to S*". Therefore, is the best possible pinching con- 
stant for Yau Conjecture I in even dimensions(> 4). 



Yau Conjecture II. Let M" be a compact and simply connected Riemannian manifold. 
Denote by Rq the normalized scalar curvature of M. If Km > and Rq < 1, then M is 
either diffeomorphic to S^, or isometric to the complex projective space CP*" with n = 2m. 

Recently the authors [36] proved the following optimal rigidity theorem for Einstein 
manifolds, which provides an evidence for Yau Conjectures I and II. 

Theorem 3.4. Let M be an n{> 4) -dimensional compact Einstein manifold with nor- 
malized scalar curvature Rq := c. 7/ -RTmin ^ ^^-^o > 0, then M is locally symmetric. In 
particular, if M is simply connected, then M is isometric to either the standard n-sphere 



S"-{-^) or the complex projective space CP™'(c). 



Motivated by Theorems 1.1 and Example 3.1, we would like to propose the follow- 
ing conjectures. 

Conjecture A. Let M"'{n > 4) be a compact Riemannian manifold. If Rq > |i^max) 
then M is diffeomorphic to a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to S". 

Conjecture B. Let M^{n > 4) be an even dimensional compact and simply connected 
Riemannian manifold. If Km < 1 (^nd Ro>Cn, where 



n+2 



for n = 4 or 4k -\- 2, /c € 



4(n-l) 

forn = 4k, k e Z+ f][2,oo) and k ^ 4, 



4(n-l) 
3 
5 



^ for n = 16, 



then M is either diffeomorphic to 5", or isometric to a compact rank one symmetric space. 

Proof of Theorem 1.2. (i) If n = 3, the assertion follows from (i) of Theorem 1.1. 
If n > 4, the conclusion follows from (ii) of Theorem 3.3 by taking s = n. 

(ii) If n = 3, it follows from Hamilton's work |21) . If n > 4, by taking /c = n — 2 in (i) 
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of Lemma 3.4, we get the conclusion. 

This completes the proof of Theorem 1.2. 



4 Sphere theorems for compact submanifolds 



In this section, we extend the sphere theorems in Section 3 to submanifolds in Rie- 
mannian manifolds with arbitrary codimension. For compact submanifolds, we prove the 
following lemma. 

Lemma 4.1. Let be an n(> 4) -dimensional compact submanifold in an N -dimensional 

N 

Riemannian manifold M . Assume that M satisfies one of the following conditions: 



{ii)S < 



ik) 

mil 

7(fc+l) 



-^min [k + k J 



+ "^^^2 some integer k & [3, iV — 1]; 

+ for some integers k E [3, AT — 1] and 

se[2,k + i]. ^ 

Then 7rfc(M) = for 2 < k < [^]. In particular, if M is simply connected, then M is 
homeomorphic to a sphere. 



-"-min 7(ifc+l) ° 



Proof, (i) Since 
we have 



RI^L < 2i^min + Hk + 1) - 2]K 



Krain>\[RiSn-{k^ + k-2)K, 



Setting Sa = E"j=l(^"■)^ we know that 



2 , (EILi h: 



n ua\2 



+ 



i=l i=l 
Note that for all distinct p, q, m, I 



n-2 



Y,hZ)^ < {n-2)[{h;^ + h-^)' + {hl^ + hf^f+ iKi) 



i=l 



= {n-2)[j2m' + 2h^h^^ + 2h^^hri 

i=l 

This together with (4.2) implies 



2h^^h^g + 2h^^hri>Y,ih: 



a\2 , \Z^i=l 'Hi) 

n-2 



~ Sat 



(4.1) 



(4.2) 



(4.3) 
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for all distinct p,q,m,l. Suppose {61,62,63,64} is an orthonormal four-frame and A G M. 
From (2.1), (2.3), (4.1), (4.3) and the assumption we get 

-R1313 + RuU + -R2323 + -^2424 — 2-Rl234 
= -R1313 + -^1414 + -^2323 + -^2424 — 2i?l234 + ^ |^^11^33 + ^22 '''44 + ^22^33 



> 



1 (k) 4 

> ^{RmL - [Hk + 1) - 8]K,nax} " 3(i^max " i^min) 



+ 



E [EC-? 



a\2 I \Z^i=l"'ii) 



+ 



n - 2 



Sa - 2{h 



a \2 
13) 



2{k 



a ^2 
23) 



> l[R\!^l-{k^ + k-8)K^^,]-^[k{k + l)K 



2 
7 
6 

> 0. 



max -^^min + r, 
n — 2 



S 



R-min i + k 



24 



(4.4) 



Therefore M has positive isotropic curvature. From Micallef and Moore's theorem [26], 
we get 7rfc(M) = for 2 < k < [^]. In particular, if M is simply connected, then M is 
homeomorphic to a sphere, 
(ii) Notice that 



^min ^ -''■min 



k{k + l) 



ks 



We have 



24\t- >A; + 1-(m) 



k -\- k — ) i^max 



k -\- k — ^-f^max- 



The assertion follows from (i), (4.6) and the assumption. 
This proves Lemma 4.1. 

By taking k = N — 1 in Lemma 4.1, we get the following theorem. 



(4.5) 



(4.6) 



Theorem 4.1. Let M" be an n{> 4) -dimensional compact submanifold in an N -dimensional 
Riemannian manifold M . Assume that M satisfies one of the following conditions: 



{i)S< 
{ii) S < 



R-{N^-N-f 



+ 



m 

6s 



Ric' 



s{7N'^-7N-24) 
7N 



n-2 ' 



+ 



n-2 



for some integer s £ [2, N]. 



Then Trk{M) = for 2 < k < [^]. In particular, if M is simply connected, then M is 
homeomorphic to a sphere. 



Lemma 4.2. Let M" be an n{> 4) -dimensional compact submanifold in an N -dimensional 

N 

Riemannian manifold M . Suppose that M satisfies one of the following conditions: 

+ ^^^l , for some integer k £ [2, — 1]; 



{i)S<l 
(ii) S < 



^min ^ 

5(fc+l) " 
6s 



k^ + k-f 



_ s(5fc^+5fc-12) -g:^ 
^"^'^ 5{fc+l) 



L^max 



+ "^j^j^ , for some integers k £ [2, — 1] and 
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s G [2,k + l]. 

Then M is diffeomorphic to a spherical space form. 



Proof, (i) Setting = E^^J=l(^"■)^ we have 



i=l 

Note that for m 7^ Z 



71 2 



i=l 



^+3 



^3> + n-1 ° 



(4.7) 



2 

^?^) < - 1) [(^^rn + K? + E (^")' 



i=l 



This together with (4.7) impHes 



n-1 



(4.8) 



for all distinct m, I, and the equality holds if and only if hf^ = /i^^ + /i^ for all i ^ m,l. 
Suppose {61,62,63,64} is an orthonormal four-frame and A G M. Prom (2.1), (2.3), (4.1) 
and (4.8), we obtain 



> 



-R1313 + -R2323 — I-R1234I 

^ RaBAb] - ^ (J^max - -?^min) + [^11^33 + ^22^3: 



33 



A<_B^3 



-^(/^?3)^-^(/^f3)^-^(/^?4)^-^(/^?4)^; 



+ 



a\2 I \A-ii=l"'ii) a ^/J.Q n2 ^/^.a \2 ^ f \2 ^ f ua ^2 
'5a-77l"'13J ~ 2^ 23J " ol'^24j 



+ 



n-1 
12\ — 



6 

Similarly, we get 



+ --5. 

n — 1 



i?1414 + -^2424 — I-R1234I > 



6 L 



<fc) 



5 / 



+ 

n — 1 



(4.9) 



(4.10) 



Prom (4.9) and (4.10), we obtain 

-R1313 + A^i?i4i4 + i?2323 + A^i?2424 — 2Ai?i234 
> -^1313 + -^2323 — I-R1234I + A^(-Ri4i4 + -^2424 — 1-^1234 1) 



n—1 J 



(4.11) 
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This together with Theorem A and the assumption imphes M is diffeomorphic to a spherical 
space form. 

(ii) Prom (4.5) we have 



Therefore the assertion follows from (i), (4.12) and the assumption. 
This completes the proof. 



(4.12) 



Lemma 4.3. Let M" he an n{> 4) -dimensional compact submanifold in an N -dimensional 

N 

Riemannian manifold M . Suppose that M satisfies one of the following conditions: 



5k-l 



{i)S<^ 
(ii) 5 < ^ 



Ric^'^ 



_ 5fc-6ff77:(fe+i) 

min 5fc— l-"'''''max 



+ for some integer k e [2,N — 2]; 



'j^ik) _ (5fc-6)(fc+l) -p77(fc) 



(5k-l)k 



Ric„ 



+ for some integer k E [2, iV — 2] 



Then M is diffeomorphic to a spherical space form. 
Proof. Since 



and 

we have 



-ik) 



Ric£!n < Krain + [k - l)Kr. 



(4.13) 



i^min > Ric 



(k) 
nin 
-ik) 



> kRic'^l^ (k l)Ric[agj^\ 

Suppose {61,62,63,64} is an orthonormal four-frame and A G IE 
(4.13) and (4.14) we get 



(4.14) 

R:om (2.1), (2.3), (4.8), 



-R1313 + -R2323 — I-R1234I 

k+l 2 



> 



A=3 



> Wc^") 

— -"''■'--mm 



k 



[RiCj 



(k+i) 



-(k+l), 



+ 



E [EC'S 



,2 ^ ELi 



n 



a\2 



5k -1 



(k) 



5k -6- 



5k -1""^ 



+ 



n-l 



(4.15) 



Similarly, we have 



RuU + -^2424 — I-R1234I > 



5k -1 



—ik) _ 5k-6 —ik+i) 

jttOjjjjjj ^ -j^ -"''■''max 



+ --S. 

n — 1 



(4.16) 
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This together with (4.15) and the assumption imphes 



-R1313 + A^i?i4i4 + -R2323 + A^-R2424 — 2A-Ri234 
> -R1313 + -R2323 — 1^1234! + A^(i?i4i4 + i22424 — 1-^1234 1 



> 0. 



Ric 



■(k) _ 5k - 6 p^(fc+i) 
5k -1'''^^ 



+ 



S 



n 



The assertion foUows from Theorem A. 
(ii) Since 



-(fe+i) 



-"'''''max ^ -'''''^max 



k 



k + 1 



we have 



ik) _ (5fc-6)(fc + l) — (fc) _ 

JLtOjjjjjj -"''■''max — -"-'^mm 



-{k) 5/c 



(5A; - l)k 

The assertion follows from the assumption and (i). 
This completes the proof. 



5k 



(4.17) 



(4.18) 



Taking k = N — 2 in (i) of Lemma 4.3, we get the following theorem. 
Theorem 4.2. Let M" be an n(> 4) -dimensional compact submanifold in an N -dimensional 



Riemannian manifold M . If S < 



5N-n 



{N-2) 



5N-16 
5Af-ll 



RiCr, 



+ 



n-1 ' 



then M is 



diffeomorphic to a spherical space form. In particular, if M is simply connected, then M is 
diffeomorphic to 5"'. 

Lemma 4.4. Let he an n{> 4) -dimensional compact submanifold in an N -dimensional 

N 

Riemannian manifold M . Suppose that M satisfies one of the following conditions: 



{i)S< 



5k^+9k- 



Ric 



5k-6 



+ 



5fc^+9fc-8-"'max 

(u)5<M^[^2i.- 
and s G [2, /c + 1]. 

Then M is diffeomorphic to a spherical space form 



— , for some integer k E [2,N — 2]; 



+ ir^) /o'' so'^e integers k e [2,N -2] 



Proof, (i) It's seen from (2.8) and (2.9) that 

1 r dC^+i) 



and 



which implies 



K ■ 



-^^*--min — -^min + {k l)-f^max) 

> i?iCjjjj^ — (A; — l)i^max 



(A; + 3)i?icLt], 



1, 



-(k) 



> l[{k' + 2k-l)Ric]:L-ik-l)li^ 



max J 



(4.19) 



(4.20) 
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Suppose {ei, 62, 63, 64} is an orthonormal four-frame and A G M. It follows from (2.1), (2.3), 
(4.8), (4.19) and (4.20) that 



> 



-R1313 + ^2323 — I-R1234I 
fe+1 



a 
■33 



A=3 



> Ric, 



1 



a \2 



k 



[R 



<fc+i) 



{k + 3)Ric 



ik) 



5A;2 + 9A; - 



— (fc) _ 5k -6 -jk+iy 



+ 



n 



(4.21) 



By a similar computation, we get 



Ruu + -R2424 — I-R1234I 



> 



5/c2 + 9k - 8 
6 



Wc^") 5A^-^ (..+1) 

™" 5fc2 + 9A;-8 "'^ 



+ 



S. 



n 



(4.22) 



Prom (4.21) and (4.22), we obtain 



-R1313 + A^i?i4i4 + -R2323 + A^i?2424 — 2Ai?i234 
> -^1313 + -R2323 — I-R1234I + A^(i?i4i4 + i?2424 — |-Rl234|) 

m'^'^^ 5^-6_ (^.+1) 



> (1 + A^){ 



bp + 9k-8 
6 



+ 



n- 1 



(4.23) 



Prom (4.33), Theorem A and the assumption, we see that M is diffeomorphic a spherical 
space form. 

(ii) It follows from (2.9) that 



^max 



> 



-'•'max 



s{k + l) - (fc + l)(A; + 2)' 



(4.24) 



which implies 



-"''''mm Qj^2 _|_ _ g ''max ^ -"-'^mm 



(fe + 2)(5fc-6) (fc+M) 
s(5A;2 + 9A;-8) '"^ ' 



(4.25) 



Thus, the assertion follows from (i) and the assumption. 
This completes the proof. 



Theorem 4.3. Let Af" be an n{> 4:) -dimensional compact submanifold in an N -dimensional 
N 

Riemannian manifold M . Assume that M satisfies one of the following conditions: 



(0 5 < 



6s 



-n7-[s] _ £(5iVf-5iV-12)-^ 



+ 



n-1 



(ii) S < 



JV(JV+1) 
3s 



i?ic ' 



(iV-2) 



s{N'+2N+Z) p. 
jV(Ar+l) -"-'^max 



+ 



n-1 ' 



23 



(Hi) s < ^^^^ 



K 



1 Ric' ^ 

™in sAr-s+6 max 



+ 



n-1 ' 



{iv) S < 



5Af2-lliV-6 



Ric 



iN-2) _ N{5N-16) p^M 

s{5N'^-nN-6) ^^'^max 



+ 



n-l ' 



for some integer s G [2, N]. Then the normalized Ricci flow with initial metric go 

d 2 

—g{t) = -2RiCg^t) + -rg^t)9{t), 

exists for all time and converges to a constant curvature metric as t oo. Moreover, M 
is diffeomorphic to a spherical space form. In particular, if M is simply connected, then M 
is diffeomorphic to 5". 



Proof, (i) Taking k = N — 1 in (ii) of Lemma 4.2, we get the conclusion, 
(ii) Since 



> -[R- {N + l)Ric, 



> 



1 



we obtain 



if. 



< Ric 

\t2 



2 

(7V-2) 



(4.26) 



- (AT - 3)K, 



— 2 ^•''''^max 2g ^^'"'-mm' 



(4.27) 



Suppose {61,62,63,64} is an orthonormal four-frame and A G M. Combing (2.1), (2.3), 
(4.8), (4.26) and (4.27), we obtain 

-R1313 + -R2323 — I-R1234I 

> 2ii'iiiin — ^(-^niax ~ Kmin) + ^ ^ |^^?1^33 + ^22^33 

a 



> 



> 



2 



a \2 



a \2 



n — 1 
1 

~3 
N + 1 



-5 



^RT^'^. 



(iV + l)fficL''„'' 



(iV^-2iV-i)7Slf-l-^^^^7ri 



N_—[s] N'^ + 2N + 3 p^(JV-2) 
s JM + 1 



+ 



n — 1 



S. 



(4.28) 



A similar discussion implies that 

-Rl414 + -^2424 — I-R1234I 



> 



N + 1 



N—[s] N^ + 2N + 3 — (jv-2) 

L S ™™ N -\- 1 ™ax 



+ 



n-1 



S. 



(4.29) 



Prom (4.28) and (4.29), we get 

-R1313 + A^/2i4i4 + -R2323 + A^i22424 — 2Ai?i234 
> -R1313 + -R2323 — I-R1234I + A^(i?i4i4 + i?2424 — I-R1234I) 



> (1 + A^ 



N + 1 



N+1 ■^*''max 



+ 



n 



(4.30) 
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Hence we get the conclusion from (4.30), the assumpion and Theorem A. 
(hi) It's seen from (2.9) that 

^max < I [^ffi^Sax - {sN - S - 2)K^^] . (4.31) 

Suppose {61,62,63,64} is an orthonormal four-frame and A G R. By (2.1), (2.3), (4.8), and 
(4.31), we have 

^1313 + -^2323 — I-R1234I 

> 2Kiam — ^(-f^max ~ -f^min) + ^ ^ |^^?1^33 + ^22^33 

a 

-^(/^?3)^-^(/^23)'-^(/^24)^-^(/^?4)^ 

> ^^min - \ W^l. -{sN-S- 2)K„,in] + ^ - S 

> ^[{sN-s + 6)K^,^-m^:!j + ^-S. (4.32) 
By using a similar argument, we get 

i?1414 + -^2424 — 1-^1234 1 

> h{sN-s + 6)Krain-Bi^^^^] + +'^-^-S. (4.33) 

o Tl J- 

It follows from (4.32) and (4.33) that 

-R1313 + A^i?i4i4 + i?2323 + A^i?2424 — 2Ai?i234 

> -^1313 + -R2323 — I-R1234I + A^(i?i4i4 + -R2424 — I-R1234I) 

> il + X'){l[{sN-s + 6)K^ir.-Bl^^^J + ^-s], (4.34) 



which together with the assumption and Theorem A implies the conclusion, 
(iv) The assertion follows from (ii) of Lemma 4.4 by taking k = N — 2. 
This proves the theorem. 

Theorem 4.4. Let M be a 3-dimensional compact submanifold in an N -dimensional Rie- 

N 

mannian manifold M . Assume that M satisfies one of the following conditions: 

(i) S <^[R-{N^-N - ^ra^] + i^'; 

(ii) S <R^{N + l)Ri^l^^~^^ + iH"^- 
{Hi) S<2K^^ + lH^- 

{iv) S < 



N^-3N-2 



-nriN-2) _ N-4_-n 



+ for N >A. 

Then M is diffeomorphic to a spherical space form. In particular, if M is simply connected, 
then M is diffeomorphic to 5" . 

Proof. For any unit tangent vector u G UxM at x G M, we choose an orthonormal 
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three-frame {ei, 62, 63} such that 63 = u. 

(i) From (2.1), (4.8) and the assumption, we obtain 



Ric{u) = Risrs + R2323 



A<Bf!=3 

3 i,a\2 



+ E + ^'=f^^ -Sa- {K,f - ih-23f 

a i^j 

> l[R-{N^-N-4)K^^] + ^H^-S 

> 0. (4.35) 
(ii) It follows from (2.8) that 

Kr^in >^[R-iN + l)RrcZ^'\ (4.36) 
which together with (2.1), (4.8) and the assumption implies 

Ric{u) = i?i3i3 + i?2323 



a 

.2 17-2 



-{N-2) n^H'^ 



> R-(N + l)Ric):^'' + -—j-S 

> 0. (4.37) 

(iii) From (2.1), (4.8) and the assumption, we obtain 

Ric{u) = i?i3i3 + i?2323 

> 2K^i„ + J2[h^ih^, + /i^2^33 - - (^23)'] 

a 

— v?H'^ 

> 2if^in+ --S 

n — 1 

> 0. (4.38) 

(iv) It's seen from (2.8) that 

^max <^[R-{N + l)m'£-\ (4.39) 



26 



This together with (2.1), (4.8), (4.39) and the assumption imphes that 

Ric{u) = Ri3i3 + 

(iV - 4)K^,. + ^[/i?i/i?3 + h^,h^, - (/i?3) 



— -"-'"''mm 



> 



Ric„ 



A^-4 



iV2 _ 3iv _ 2 



R 



n — 1 

+ 



n — 1 



S 



> 0. 



(4.40) 



The assertion fohows from (4.35), (4.37), (4.38), (4.40) and Hamilton's theorem ^2T\ . 
This completes the proof of Theorem 4.4. 



Theorem 4.5. Let be an n{> 4) -dimensional compact submanifold in an N -dimensional 
N 

Riemannian manifold M . Assume that M satisfies one of the following conditions: 
{i) S <IN{N -l)(Ro-aNK^^.) + 



s < ^1^(K^^ - + $f , 

(,„) s < 5iv!^iliv^ - r^iN - 2)i?oj 

where a^, fJ'N, Vn andr^ are defined as in Theorems 1.1 and 1.2. Then M is diffeomorphic 
to a spherical space form. In particular, if M is simply connected, then M is diffeomorphic 
to 5". 

Proof. By taking k = N — 1 in {[) of Lemma 4.2, s = in (ii) and (iii) of Theorem 4.3, 
and = — 2 in (i) of Lemma 4.4, respectively, we conclude that M is diffeomorphic a 
spherical space form. In particular, if M is simply connected, then M is diffeomorphic to 
5"". This proves the theorem. 



n-l ' 

{N-2y 



+ 



n-l ' 



+ 



n-l 



5 Submanifolds with weakly pinched curvatures 

In this section, we improve the differentiable sphere theorems |45] for submanifolds with 
strictly pinched curvatures and obtain a classification theorem for submanifolds with weakly 
pinched curvatures. 

Proof of Theorem 1.3. If n > 4, suppose {61,62,63,64} is an orthonormal four-frame 
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and A G M. From (2.1), (2.3) and (4.8), we have 

-Rl313 + A^-Rl414 + /^^^2323 + A^/i^i?2424 — 2A/ii?i234 

> (1 + + ^2 ^ A V')^min - ^ (^max - ^min) 

+ E{^n^33 - + m'A^ [^?2^44 - (^24)'] + ^t^>^h'^,h^, 

a 

> (i + a^ + ^^^aV)- 



,2 I 2 I \2 2\ ~ -f'^n 



3 

+ E { + ^it-^r - T - (^"3)^ - (^U)^ - (/^23)^ 

a i<j ^ ' 



> (1 + + + A V') " ^""'^^ ■ 



+ 



2(n-l) 2. 

From (5.1) and the assumption that S < |^-fCmin — i-f'^max^ + "^-i ' ^® have 

-R1313 + A2i?i4i4 + Ai^-R2323 + ^i^'^R2i2A — 2A/xi?i234 > 0, 

i.e., M X R2 has nonnegative isotropic curvature. 

On the other hand, it follows from (2.1), (2.3) and (4.8) that 

-Riaia + -^2323 — 1-^1234 1 
> 2ifniin " ^(-f^max ~ -^min) + ^ ^ [^^11^33 + ^22^33 



■l{K,f -lia^,? -\{h-2.f -\ 
1^ \ n2ij2 



8/— 1— N ra'ii'' 

^ o ( -"-min ~ T-f^max 1 H ; 

3 v 4 / n — 1 

The equalities in (5.3) hold only if 

^% — ^33 = 0> ^ dinstinct z, j and any a, 

and 

/i^ = ^jj) for i-ij^^ and any a, 

i.e.. 
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It follows from (5.3), (5.5) and the assumption that the Ricci curvature of M is quasi- 
positive. This together with Aubin's theorem [2] implies that M admits a metric with 
positive Ricci curvature. 

By a similar discussion, we have 

g , 2 \ Tl^H^ 

-Rl414 + -^2424 — I-R1234I > 77 ( -f^min — T-^^max I H ; "S*. (5.6) 

3 V 4 / n — 1 

The equality in (5.6) holds only if 

hfj = /144 = 0, for all dinstinct i,j and any a, 

and 

h°l = h'jj, for z, j 7^ 4 and any a. (5-7) 
From (5.3), (5.5) and (5.6), we have 

^1313 + -R1414 + -R2323 + -^2424 — 2il'i234 
= (-R1313 + -R2323 — I-R1234I) + (-^1414 + -^2424 — I-R1234I) 

1_ \ n^H^ 



> 2 



3 V 4 / n — 1 



(5.8) 



and the equality holds only if S = ■ This together with the assumption and Lemma 
2.3 implies that M admits a metric with positive isotropic curvature. By Lemma 2.4, we 
conclude that M is diffeomorphic to a spherical space form. In particular, if M is simply 
connected, then M is diffeomorphic to S"". 

If n = 3, for any unit tangent vector u € UxM at x G M, we choose an orthonormal 
three-frame {61,62,63} such that 63 = u. From (4.8) and (4.38), we obtain 

— n^H^ 

Ric{u) = E1313 + i?2323 > 2Kmin H 7 - 5", 

n — 1 

and the equality holds only if S" = . Then from the assumption we know that M 
has quasi-positive Ricci curvature. Hence M admits a metric with positive Ricci curvature 
by Aubin' theorem [2j. This together with Hamilton's theorem [21j implies that M is dif- 
feomorphic to a spherical space form. In particular, if M is simply connected, then M is 
diffeomorphic to 5*^. 

This completes the proof of Theorem 1.3. 



Corollary 5.1. Let M" he an n{> 3) -dimensional complete submanifold in an N -dimensional 
Riemannian manifold . If S < | ^i^min — 3-f^max^ + and the strict inequality holds 
for some point xq £ M , then M is diffeomorphic to a spherical space form or M". In par- 
ticular, if M is simply connected, then M is diffeomorphic to S"" or M" . 

Proof. From the assumption and Lemma 4.1 in [l5], we know that M has quasi-positive 
sectional curvature. When M is noncompact, it follows from the Cheeger-Gromoll-Meyer- 
Perelman soul theorem [13 1 H^l [29] that M is diffeomorphic M". When M is compact, the 
assertion follows from Theorem 1.3. This proves the corollary. 
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For submanifolds in a sphere, we have the following theorem. 



Theorem 5.1. Let be an n- dimensional compact submanifold in the unit sphere . 
Assume that 

S<2 + -. 

n — 1 

We have the following possibilities: 

(i) If n = 2, then either M is diffeomorphic to S"^ , MP^, or M is flat. 

(ii) If n = 3, then M is diffeomorphic to a spherical space form. 
(Hi) If n > 4, then M is diffeomorphic to 5". 

Proof. If n = 2, it's seen from the Gauss equation that 2Km = 2 + AH^ — S. This 
together with the assumption and Gauss-Bonnet theorem imphes the conclusion. 
If n = 3, we see from Proposition 2.1 in [40j that 

Ric{u) > -h + 6H^ - S - ^H{S -3H^y/^ 

> 2 + -H^-S 
2 

holds for any unit vector u G T^M at each point x G M, and the last inequality becomes 
equality only if 5 = ■ This together with the assumption implies M has positive Ricci 
curvature. Hence the assertion follows from Hamilton's theorem |21) . 
If n > 4, from (4.8) we get 



^[2|/i(ei,efc)|^ - (/i(ei,ei),/i(efc,eA,.))] - (n - 1) 

k=2 

n 

a k=2 



fn- 1) 



< 



a k=2 
n — 1 



n — 1 



(5.9) 



The equalities in (5.9) hold only if S = . From the assumption S < 2 + ""^^^ , we obtain 

n 

J2[2\h{ei,ek)\^ - {h{ei,ei),h{ek,ek))] - (n - 1) < 0. (5.10) 



k=2 



This together with Theorem 2.1 implies that M is simply connected. By Theorem 1.3, we 
see that M is diffeomorphic to S"". This proves Theorem 5.1. 
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Moreover, we get the following classification for complete submanifolds in an Euclidean 
space. 



Theorem 5.2. Let be an n-dimensional oriented complete submanifold in the Eu- 
clidean space M^. Assume that 

n — 1 

We have the following possibilities: 

(i) If n = 2, then either M is diffeomorphic to S"^, M?, or M is fiat. 

[ii] If n = 3, then M is either diffeomorphic to a spherical space form, M^, or isometric to 
52 (ro) X M. 

(Hi) If n > A, then M is either diffeomorphic S" , M", or locally isometric to 5"~^(r) x M. 

Proof. It follows from the assumption and Lemma 2.1 that Km > 0. 

(i) Suppose that M is compact. If n = 2, it is seen from the Gauss-Bonnet theorem 
that M is diffeomorphic to S'^ or M is flat. 

If n = 3, we know that Ricm > 0. This together with Hamilton's theorem [21] and 
Lemma 2.1 implies that M is diffeomorphic to a spherical space form, or is a constant 
and M is isometric to S'^i^^-^jj^ x Since M is compact, the latter case is ruled out. 

If n > 4, from the assumption S < ^^^l and Lemma 2.1, we know Ricm > 0. We 
claim that M admits a metric with positive Ricci curvature. Otherwise, it's seen from 
Aubin's theorem [2j that for each point x in M, there exists a unit vector u in TxM such 
that Ric{u) = 0. By Lemma 2.1, we know that H is constant and M is isometric to 
•^""^(^if) ^ which is noncompact. This contradicts to the compactness of M. By 
the Bonnet-Myers theorem, the fundamental group 7ri(M) is finite. Moreover, from the 
assumption, we know that S < It's seen from Lemma 2.2 and the universal coeffi- 

cient theorem that i?"~^(M;Z) has no torsion, and hence neither does Hi(M;Z) by the 
Poincare duality. This together with the fact that 7ri(M) is finite implies Hi{M;Z) = 0. 
Therefore we have -ff„_i(M;Z) = 0. Denote by M the universal Riemannian covering of 
M. We may consider M be a Riemannian submanifold of M^, and hence M is a homology 
sphere. Since M is simply connected, it is a topological sphere, which together with a result 
of Sjerve |41j implies that M is simply connected. 

On the other hand, from (5.1) and the assumption, we know that M x M? has nonneg- 
ative isotropic curvature. Moreover, it follows from (5.4), (5.7) and the assumption H ^ 
that the equalities in (5.3) and (5.6) can not hold simultaneously. Hence we see from (5.8) 
and the assumption that M has positive isotropic curvature. It follows from Lemma 2.4 
that M is diffeomorphic to a spherical space form. Since M is simply connected, M is 
diffeomorphic to S"'. 

(ii) Suppose M is noncompact. If n = 2, it follows from the Cheeger-Gromoll-Meyer- 
Perelman soul theorem that M is diffeomorphic to M? or M is flat. 

If n = 3, a theorem due to Schoen-Yau [M] and Zhu [51] states that if the Ricci curva- 
ture of M is quasi-positive, then M is diffeomorphic to M^. This together with Lemma 2.1 
implies M is diffeomorphic to or isometric to ^^(ro) x M. 

If n > 4, we consider the following two cases: 
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Case I. Km > and K{7r) > for any 2-plane tt C Tx^M at some point xq G M. By the 
Cheeger-Gromoll- Meyer- Perelman soul theorem, we know that M is diffeomorphic to R". 

Case II. For each point x £ M there exists some 2-plane vr C TxM such that K{Tr) = 0. 
In this case, we get S = ■ Moreover, it follows from Lemma 2.1 and a result due to 
Ozgur(See [28], Theorem 4.1) that M is conformally flat. This together with a theorem due 
to Carron [12] implies that M is diffeomorphic to M"" or locally isometric to S"'~^{r) x M. 

This completes the proof of Theorem 5.2. 

Proof of Theorem 1.4. Combining Theorems 5.1 and 5.2 for n > 4, we complete the 
proof of Theorems 1.4. 

Corollary 5.2. Let be an n{> A) -dimensional oriented complete suhmanifold in an 
N -dimensional simply connected space form F^{c) with c > 0. Denote by i?ic[*](-) the s-th 
weak Ricci curvature of M. Assume that 

p. M ^ s{n + l){n - 2)c ^ snjn - 2) 
^^c^in^ n + n-1 

for some integer s G [l,n — 1], where c + > 0. We have 

(i) If c = 0, then M is either diffeomorphic 5", M", or locally isometric to S^^^{r) x M. 

(ii) If M is compact, then M is diffeomorphic to S"' . 

Proof. For R > ^Ric^-^^, the assertion follows from Theorem 1.4. 
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